We study the problem of m-adic stability of F-singularities, that is, whether the property that a quotient of a local ring (R, m) by a non-zero divisor x ∈ m has good F-singularities is preserved in a sufficiently small m-adic neighborhood of x. We show that m-adic stability holds for F-rationality in full generality, and for F-injectivity, F-purity and strong F-regularity under certain assumptions. We show that strong F-regularity and Fpurity are not stable in general. Moreover, we exhibit strong connections between stability and deformation phenomena, which hold in great generality.
Introduction
Let (R, m) be a Noetherian local ring of prime characteristic p > 0. The study of the Frobenius endomorphism in R naturally leads to several classes of singularities, commonly called F-singularities. Four fundamental types of F-singularities are strong F-regular, F-pure (Definition 5.1), F-rational (Definition 3.1), and F-injective (Definition 4.6) singularities, related in the following way: strong F-regular + 3 F-rational F-pure + 3 F-injective The study of F-singularities is a very active topic in commutative algebra, with important connections with homological conjectures, birational geometry and, after recent work, with singularities in mixed characteristic. A major direction is to study geometric behavior Fsingularities, for example deformation.
Let X be an algebraic variety over a field K and consider a one-parameter deformation of X, that is, a flat morphism f : Y → Spec(K[t]) such that X ∼ = Y 0 := f −1 (0). We say that a property P deforms if, whenever X satisfies P , then Y r = f −1 (r) satisfies P for r in a neighborhood of the special fiber Y 0 . For K = C this just means that r is taken sufficient close to 0, see [Ish14, Chapter 9] for results in this direction.
A related question is whether the total space Y satisfies the property P whenever X 0 does. If Y is the spectrum of a local ring, this is equivalent to asking whether R/(x) satisfying P for some non-zero divisor x implies that R satisfies P. Despite certain discrepancies with the geometric case, we will follow recent literature and, from now on, will say in such case that a property of local rings P deforms.
It is well-known that deformation holds if P is the property of being Cohen-Macaulay, Gorenstein or regular. On the other hand, properties P such as being generalized Cohen-Macaulay or Q-Gorenstein do not deform (see [Ish14, Example 9.1.7]). The problem of deformation of F-singularities originates in [Fed87] : motivated by an analogous result of In Section 4, we consider the problem of m-adic stability of F-injectivity. In view of Theorem A, stability of F-injectivity implies deformation as well. While we are not able to prove this in full generality, we show that F-injectivity is stable in the most relevant cases where deformation is known to hold.
Theorem C (see Theorems 4.8 and 4.12). Let (R, m) be a local ring of prime characteristic p > 0, and x ∈ m be a non-zero divisor such that R/(x) is F-injective.
(1) If x is a surjective element, then there exists an integer N > 0 such that R/(x + δ)
is F-injective for all δ ∈ m N . (2) If R/m is perfect and x is a strictly filter regular element, then there exists an integer N > 0 such that R/(x + δ) is F-injective for all δ ∈ m N .
Because F-purity and strong F-regularity do not deform [Fed87, Sin99b] , we obtain right away that stability does not hold for such F-singularities. We do provide an explicit example (see Theorem 5.3), based on the construction of Singh [Sin99b] .
Singh's example also shows that strong F-regularity is not open in families (Example 5.4) and we push this further to show that it may not be open even in a proper flat family (Example 5.5). This shows that strong F-regularity has a very different geometric behavior from F-rationality, which is known to be open [Has01] , [PSZ18] even in mixed characteristic [MS18, Theorem 7.2] .
It is known that deformation of strong F-regularity holds under some additional assumptions; for instance, when (R, m) is Q-Gorenstein ([AKM98] and [Mac96] , or [Abe02] ). We obtain an analogous statement for stability.
General relations between stability and deformation
Throughout, (R, m) will denote a Noetherian local ring.
Definition 2.1. Let P be a given property of a local ring. We say that deformation of P holds if, whenever (R, m) is a local ring and x ∈ m is a non-zero divisor such that R/(x) satisfies P, then R satisfies P.
We now formally introduce the notion of m-adic stability for a property of a local ring.
Definition 2.2. Let P be a given property of a local ring. We say that m-adic stability of P holds if, whenever (R, m) is a local ring and x ∈ m is a non-zero divisor such that R/(x) satisfies P, there exists an integer N such that R/(x + δ) satisfies P whenever δ ∈ m N .
Remark 2.3. Both definitions of deformation and m-adic stability naturally generalize to regular sequences. We point out that, while deformation for regular elements is clearly equivalent to deformation for regular sequences, a priori this is not the case for stability.
The introduction of m-adic stability is motivated by recent results of Ma, Pham and Smirnov [MQS19] , who prove that small perturbation of quotients by filter regular sequences have isomorphic associated graded rings. The study of m-adic continuity of two important invariants in positive characteristic, the Hilbert-Kunz multiplicity and the F-signature, was also initiated in [PS18] , and will be further developed in the next sections of this article.
Our main goal is to understand how F-singularities behave under small perturbations, and to relate m-adic stability to deformation problems. We can find a surprising connection between these two notions, that holds in great generality.
Theorem 2.4. Let P be a property of local rings such that (1) If a local ring R satisfies P, and T is a variable, then R[T ] (m,T ) satisfies P.
(2) If (R, m) → (S, n) is faithfully flat, and S satisfies P, then so does R. If m-adic stability holds for P, then deformation holds for P.
Proof. Assume that deformation does not hold for P. This means that there exists a local ring (R, m) and a non-zero divisor x ∈ m such that R/(x) satisfies P, but R does not. For N 1, consider the rings
Clearly, x is still a non-zero divisor on B. It is easy to see that B is free over A N , and it follows that R N = B/(x − T N )B is free over S N = A N /(x − T N )A N . In particular, S N → R N is faithfully flat. However, observe that S N ∼ = R does not satisfy P, hence R N does not satisfy P thanks to condition (2). Finally, observe that B/(x) ∼ = (R/(x))[T ] (m,T ) . Since R/(x) satisfies P, so does B/(x) by condition (1).
We have shown that, for the local ring B, the non-zero divisor x is such that B/(x) satisfies P, but B/(x − T N ) does not satisfy P for any N 1. Hence P is not stable.
Remark 2.5. In the notation of the proof of Theorem 2.4, one can show that x − T N is actually a strictly filter regular element in B for all N 1 (see Definition 4.4). So the same proof actually shows that, if m-adic stability of P holds for all strictly filter regular elements, then deformation of P holds.
Stability of F-rationality
The goal of this section is to prove that m-adic stability of F-rationality holds in full generality. In light of Theorem 2.4, this gives another proof of the fact that F-rationality deforms [HH94] . Our proof will employ the notion of F-rational signature, introduced by Hochster and Yao [HY] . We start by recalling the relevant definitions and known facts.
Let (R, m) be a local ring of prime characteristic p > 0. The Frobenius endomorphism on R induces maps F i : H i m (R) → H i m (R) on local cohomology modules supported at the maximal ideal. If no confusion may arise, we will denote F i just by F . Definition 3.1. Let (R, m) be a d-dimensional Cohen-Macaulay local ring of prime characteristic. Then R is called F-rational if, for all elements c of R not in any minimal prime, the Frobenius actions cF e : H d m (R) → H d m (R) are injective for all integers e ≫ 0. The condition that cF e is injective for all e ≫ 0 and all c not in any minimal prime of R is equivalent to saying that the zero submodule of H d m (R) is tightly closed. The definition of F-rationality is originally formulated in terms of tight closure of parameter ideals, but it is equivalent to Definition 3.1 for a Cohen-Macaulay local ring (see [Smi94] ).
Lemma 3.2. Let (R, m) be a local ring of Krull dimension d > 0 and x ∈ m be a parameter.
Proof. First we prove that x is a non-zero divisor on R, or, equivalently, that x is not contained in any associated prime of R. We start with minimal primes: assume by way of contradiction that x ∈ Q for some prime Q ∈ min Ass(R).
Observe that dim(R/P ) = d − 1, and thus P/(x) ∈ min Ass R/(x) (R/(x)). Since Q is a minimal prime of R, we have that Q ′ ⊆ Q, and thus P = Q. It follows that P/(x) = Q/(x) are two distinct minimal primes of R/(x), which contradicts the assumption that R/(x) is a domain.
Assume now that x ∈ Q for some associated prime Q of R. After localizing at Q, we still have that (R/(x)) Q is a domain; hence we may assume without loss of generality that m ∈ Ass(R). Let y ∈ √ 0. Then y n = 0 ∈ (x) for n ≫ 0. Since R/(x) is a domain, (x) is a prime ideal. It follows that y ∈ (x), so we can find y 1 ∈ R such that y = xy 1 . We then have y = xy 1 ∈ √ 0 = Q∈min Ass(R) Q. By the claim, we conclude that y 1 ∈ √ 0. Repeating this process, we see that for every n ∈ N there exists y n ∈ R such that y = x n y n , so that y ∈ n (x) n = (0). This shows that √ 0 = 0, hence R is reduced. However, this contradicts the assumption that m ∈ Ass(R), and completes the proof that x is a non-zero divisor on R.
To show that R is a domain, assume that yz = 0 for some y, z ∈ R. We can write y = x m y ′ and z = x n z ′ for some y ′ , z ′ ∈ R (x). Since we have already proved that x is a non-zero divisor, from yz = x m+n y ′ z ′ = 0 we conclude that y ′ z ′ = 0. However, this implies that y ′ z ′ ∈ (x), and thus either y ′ ∈ (x) or z ′ ∈ (x). A contradiction.
In what follows, we will denote by x = x 1 , . . . , x c a sequence of elements of R. Given two such sequences x = x 1 , . . . , x c and y = y 1 , . . . , y c of the same length, we will denote by x + y the sequence x 1 + y 1 , . . . , x c + y c . We will say that x = x 1 , . . . , x c is a system of parameters of length c if each x i is a parameter in R/(x 1 , . . . , x i−1 ). We will call x a full system of parameters if, in addition, (x) is an m-primary ideal.
Corollary 3.3. Let (R, m) be a local ring, and c be an integer such that dim(R) > c > 0. Let x be a system of parameters of length c. If R/(x) is F-rational, then R is F-rational. In particular, R is a Cohen-Macaulay domain.
Proof. It suffices to show the statement for c = 1, and x = x a parameter. Since R/(x) is F-rational, it is a domain. It follows from Lemma 3.2 that R is a domain, hence x is a non-zero divisor in R. Since F-rationality deforms [HH94] , it follows that R is F-rational.
Remark 3.4. Linquan Ma has pointed out to us a different proof of Corollary 3.3: after completing x to a full system of parameters x, y on R, we observe that the tight closure of the ideal (x, y) in R is contained in the lift to R of the tight closure of the ideal (y) in R/(x), by persistence of tight closure. As the latter is trivial by assumption, it follows that (x, y) is tightly closed, and hence R is F-rational. 
A closely related invariant, the relative F-rational signature of R, is defined as
It is known that these invariants are independent on the choice of x. The main property of the F-rational signature is that, for a Cohen-Macaulay local ring R, one has s rat (R) > 0 if and only if R is F-rational. It is not hard to see that λ((x : m)/(x)) s rel (R) s rat (R) s rel (R), and in particular R is F-rational if and only s rel (R) > 0 [ST19, Corollary 4.12].
Our goal is to show that these invariants are m-adically continuous as it was shown for Hilbert-Kunz multiplicity in [PS18] . We start a modification of a uniform convergence result for Hilbert-Kunz multiplicities that was proved By Polstra and the second author in [PS18, Corollary 3.6]. Proof. For I = m the statement was proved in [PS18, Corollary 3.6], but its proof and the proof of [PS18, Theorem 3.5] applies to any ideal. To see the uniformity one can further follow the proofs of [Tuc12] and note that the right-hand side constant C(I) for an ideal I comes from a fixed module, and, thus, will be bounded above by the constant for C(m Proof. We apply Theorem 3.6 to get C and we choose e so that Cp −e < ε/2. We may further enlarge N so that m N ⊆ (m 
Proof. Fix ε > 0. If s rel (R/(x)) = 0, then s rat (R/(x)) = 0, so there exists a system of parameters y in R/(x) and a non-zero element u ∈ soc(R/(x, y)) such that e HK ((y, u), R/(x)) = e HK ((y), R/(x)) = λ(R/(x, y)). Take e 0 such that m [p e 0 ] ⊆ (x, y) and apply Corollary 3.7 to get that
Moreover, because λ(R/(x, y)) = λ(R/(y, x + δ)) and λ(R/(I, x)) = λ(R/(I, x + δ)), it easily follows that
The statement is clear after taking the infimum over all ideals I containing (y). The proof for the F-rational signature is completely analogous.
Corollary 3.9. Let (R, m) be a d-dimensional F-finite local ring, and let x be a system of
Proof. Let r = s rat (R/(x)), so that r > 0 because R/(x) is assumed to be F-rational. By Lemma 3.2, and because R/(x) R is F-rational, hence a domain, the assumptions of Theorem 3.8 are satisfied. Therefore we can find an integer N > 0 such that for every δ ∈ (m N ) ⊕c we have
In particular, we have s rat (R/(x + δ)) > r 2 > 0, and thus R/(x + δ) is F-rational. 
Stability of F-injectivity
We start by reviewing the notions of secondary representation and attached prime. We refer to [BS98, 7.2] for unexplained notation and for more details.
Definition 4.1. A secondary representation of an R-module W is an expression of the form
Modules satisfying the two conditions above are called secondary. Just like primary decompositions, secondary representations are not unique in general. However, if W = W 1 + · · · + W t , the set of primes Att R (W ) = {p 1 , . . . , p t } defined as above is an invariant of the module W , and it is called the set of attached primes of W .
Evey Artinian R-module has a secondary representation [BS98, 7.2.9]. In particular, H i m (R) has a secondary representation for every i ∈ Z, and therefore it makes sense to consider the sets Att(H i m (R)).
is surjective for all i ∈ Z. The definition given above is not the original one, given in [HMS14] . However, it was proved to be equivalent in [MQ18, Proposition 3.3].
It follows directly from the definition and the properties of secondary representations that x ∈ m is a surjective element if and only if x / ∈ d i=0 Att(H i m (R)). In particular, if R has a surjective element, then m is not attached to any local cohomology module H i m (R). Moreover, since Ass(R) ⊆ d i=0 Att(H i m (R)) [BS98, 11.3.9], surjective elements are non-zero divisors. Definition 4.4. Let (R, m) be a local ring of dimension d. An element x ∈ m is called
Clearly, surjective elements are strictly filter regular. In fact, it is easy to see that x is a strictly filter regular element if and only if coker
Strictly filter regular elements are m-adically stable.
Lemma 4.5. Let (R, m) be a local ring, and x be a strictly filter regular element. There exists an integer N > 0 such that for any δ ∈ m N the element x + δ is strictly filter regular. Moreover, if x is a surjective element, then x + δ is also a surjective element.
Proof. Let d = dim(R), and set X = d i=0 Att(H i m (R)), and P ∈ X {m}. Since N (P + m N ) = P , we may take N such that x / ∈ (m N + P ). Choosing N that works for every such P , for all δ ∈ m N we then have that x + δ / ∈ P for all P ∈ X {m}. If x is a surjective 8 element then m / ∈ X. With the choice made above, for all δ ∈ m N we have x + δ / ∈ P for all P ∈ X, that is, x is a surjective element.
is an important open problem that dates back to Fedder [Fed87] . It is known that F-injectivity deforms in many cases; for instance, if x is a surjective element [HMS14] , or if x is a strictly filter regular element and the residue field of R is perfect [MQ18, Theorem 5.11].
By Theorem 2.4, to prove deformation of F-injectivity in full generality it would suffice to prove stability of F-injectivity. In fact, by Remark 2.5, it would suffice to show that F-injectivity is stable for elements which are stricly filter regular elements on R.
We are not able to prove stability in general, but we show that it holds in the most relevant cases where deformation of F-injectivity is known to hold (Theorems 4.8 and 4.12).
4.1.
Results on m-adic stability of F-injectivity. Let W be an R-module. We recall that a Frobenius action on W is an additive map F : W → W such that F (rw) = r p F (w) for all r ∈ R and w ∈ W . We start with an easy but extremely useful lemma. 
, we can write δ = r 1 x p 1 + · · · + r n x p n for some r 1 , . . . , r n ∈ R. Thus
where x i η = 0 because η is a socle element. This contradicts the assumption that cF is injective and completes the proof.
Theorem 4.8. Let (R, m) be a local ring of dimension d, and x ∈ m be a surjective element.
Proof. Since x is a surjective element, for all i > 0 we have commutative diagrams:
We prove that x p−1 F i is injective reproducing the argument in the proof of [MQ18, Proposition 3.7]. By assumption we have that F i−1 is injective for every i. Assume that x p−1 F i is not injective, and pick 0 = η ∈ ker(x p−1 F i ) ∩ soc(H i m (R)), so that xη = 0. By exactness, there exists γ ∈ H i−1 m(R/(x)) such that ψ(γ) = η, and then ψ(F i−1 (γ)) = x p−1 F i (η) = 0.
Since both ψ and F i−1 are injective, it follows that γ = 0, and hence η = ψ(γ) = 0. A contradiction. So x p−1 F i is injective. By Lemma 4.7, Lemma 4.5, and [HT97, Corollary 1.2], we can choose N > 0 such that (x + δ) p−1 F i is injective for all i, and x + δ is still a surjective element. Then for all i we still have commutative diagrams
As the middle map is injective, we have that F i−1 is injective for every i, and thus R/(
As an immediate consequence, we obtain m-adic stability of F-injectivity in the Cohen-Macaulay case. 
. As x is a non-zero divisor, it is then a surjective element, and we can apply Theorem 4.8.
We recall that a ring R is called F-pure if the Frobenius map is pure. If R is F-finite, this is equivalent to assuming that the Frobenius map splits (see Section 5).
The following is another immediate corollary of Theorem 4.8. We now want to present a result on stability of F-injectivity for strictly filter regular elements. The techniques involved mimic those employed in [MQ18, Theorem 1.2] for deformation of F-injectivity, and will eventually require that the residue field is perfect. We start with a useful lemma that holds in greater generality. Proof. Let W = W 1 + · · · + W t be a minimal secondary representation of W , with Att(W t ) ⊆ {m} (with this we do not exclude the possibility that m is not attached to W , in which case W t = 0 and Att(W t ) = Ø). Let N > 0 be such that m N W t = 0; such an integer exists, because ann R (W t ) is either m-primary or the whole ring. By increasing N, we may also assume that x + δ still does not belong to any attached prime of W , except possibly m, using the same argument as in the proof of Lemma 4.5. If we let W ′ = W 1 + . . . + W t−1 , for any δ ∈ m N we then have W ′ = (x + δ)W ′ . Moreover, we have xW t = (x + δ)W t . It follows that
Equality can then be obtained reversing the roles of x and x + δ.
The following is the main result of this section.
Theorem 4.12. Let (R, m) be a local ring with perfect residue field. Assume that x is a strictly filter regular element and that R/(x) is F-injective. There exists an integer N > 0 such that
Proof. The short exact sequence 0 → R ·x −→ R → R/(x) → 0 induces a long exact sequence on local cohomology and the following commutative diagram:
Thus, for all i ∈ Z we have exact sequences
. Since x is a strictly filter regular element, L i has finite length for all i. Moreover, since the Frobenius action on H i m (R/(x)) is injective, so is the restriction to L i . As R/m is perfect, it follows that the Frobenius action on L i is actually bijective, and therefore the induced map F i : H i m (R/(x))/L i → H i m (R/(x))/L i is again injective for every i ∈ Z. We then have exact commutative diagrams
This implies that x p−1 F i is injective for every i. Using Lemma 4.7, Lemma 4.5 and [HT97, Corollary 1.2], we can find an integer N > 0 such that x+δ is a strictly filter regular element,
we have that L ′ i has finite length, and we have commutative diagrams:
Since the middle map is injective, we conclude that F i :
To prove that R/(x + δ) is F-injective, it suffices to show that the Frobenius action on L ′ i is injective for all i ∈ Z. By Lemma 4.11 applied to W = H i m (R), there exists an integer N i > 0 such that xH i m (R) = (x + δ)H i m (R) for all δ ∈ m N i . By increasing N, if needed, we may assume that N max{N i | i = 0, . . . , d}.
and since Frobenius is injective on L i , it is injective on L ′ i as well. Remark 4.13. One could ask whether m-adic stability of F-injectivity holds for regular sequences, at least in the assumptions of Theorems 4.12 and 4.8 after appropriately generalizing the notions of surjective element and strictly filter regular element. Our techniques do not immediately show that, and we decided not to pursue this direction in this article.
We conclude this section by pointing out that, to the best of our knowledge, there is no example of a local ring (R, m) and a non-zero divisor x ∈ m such that R/(x) is F-injective, and x is not a surjective element. While this may just be due to the difficulty of producing good examples, it is natural to ask whether it might actually be true in general that F-injectivity of R/(x) implies that x is a surjective element. If this was indeed the case, stability and deformation of F-injectivity would both hold in full generality by Theorems 4.8 and 2.4.
Stability of F-regularity and F-purity
Let (R, m) be an F-finite local ring. An additive map ϕ : R → R is called a p −e -linear map if it is additive and ϕ(r p e s) = rϕ(s) for all r, s ∈ R. More generally, a Cartier map is a p −e -linear map, for some e ∈ N. As observed in the introduction, m-adic stability of strong F-regularity and F-purity do not hold in general, as a consequence of [Fed87] , [Sin99b] , and Theorem 2.4. Based on the family of examples given in [Sin99b] , we construct an explicit ring where stability of these F-singularities does not hold.
Example 5.2. [Sin99b, Theorem 1.1 with p = 3, m = 5 and n = 2] Let K be a field of characteristic 3, S = K[a, b, c, d, t] n , where n = (a, b, c, d, t), and A = S/I, where I is the ideal generated by the size two minors of
Then A/(t) is strongly F-regular, but A is not F-pure.
Theorem 5.3. Let K be a field of characteristic 3, S = K[x, y, z, u, v, w] n , where n = (x, y, z, u, v, w), and R = S/I, where I is the ideal generated by the size two minors of the matrix x 2 + v 5 y u z
x 2 y 2 − u .
Then R/(v) is strongly F-regular, but R/(v − w N ) is not F-pure for any N 1.
In particular, F-regularity and F-purity are not stable properties in R.
Proof. In the notation of Example 5.2, we have that R/(v) ∼ = (A/(t)[W ]) (m A/(t) ,W ) , where W is an indeterminate on A/(t) and m A/(t) is the maximal ideal of A/(t). Since adding a variable and then localizing does not affect strong F-regularity, R/(v) is strongly F-regular. For a given N 1, we let S N = K[x, y, z, u, v, w N ] n N , where n N = (x, y, z, u, v, w N ). Observe that S N → S is a faithfully flat map. If we let I N = I + (v − w N ), T N = S N /I N and R N = S/I N = R/(v − w N ), then T N → R N is also faithfully flat. It is easy to see that T N ∼ = A, and thus T N is not F-pure for any N 1. By [HR76, Proposition 5.13] we then conclude that R N is not F-pure either. In conclusion, R/(v) is strongly F-regular, hence F-pure. On the other hand, R N = R/(v − w N ) is not F-pure for any integer N 1. A fortiori, it is not strongly F-regular for any N 1.
Patakfalvi, Schwede, and Zhang have previously considered the behavior of strong Fregularity in a family and in [PSZ18, Corollary 4.19] proved a form of openness for proper maps. However, essentially the same example shows that strong F-regularity is not generally open in families, and it follows that the F-signature is not lower semicontinuous in families either. This is another difference with the Hilbert-Kunz multiplicity ([Smi19]).
where R is the ring of Theorem 5.3 with K = F 3 . Observe that for t = 0 then the closed fiber is isomorphic to A from Example 5.2, thus t = 0 is the only strongly F-regular fiber. Note that all fibers are Frational because F-rationality deforms and, thus, A is F-rational.
This example also shows that the analogue of [MS18, Theorem 7.5] does not hold for strong F-regularity. In fact, if we let D = F 3 [t] and Q = (x, y, z, u, v, w), then for every maximal ideal n R = (t − r) of D, the ideal Q r = n r + Q ∈ Spec(R) is prime but the set
is not open.
Working on the same ring, we can also find an example of a proper (in fact, projective) morphism whose special fiber is strongly F-regular, but all other closed fibers are not. It is now known that F-rationality is open in families ([Has01, Theorem 5.8], [PSZ18, Theorem 5.13]), but only special cases were known for strong F-regularity ([PSZ18, Corollaries 4.19,4.20]). 
We observe that R is graded with respect to the following degrees of the variables: We let X = Proj(R), and we consider the natural morphism f : X → Spec(F 3 [t]), which is projective. For r ∈ F 3 , we let X r be the fiber over Q r = (t − r) ∈ Spec(F 3 ). We claim that X r is strongly F-regular if and only if r = 0. We start by showing that X 0 is strongly 13 F-regular. Observe that
We check that the ring we obtain on each standard affine chart is strongly F-regular. Since R is not standard graded, the computation of the affine charts is not completely straightforward, therefore we show part of the argument. Observe that X, Y, Z, U, W all have degree zero. The affine chart U s is then equal to
Since R s is isomorphic to one of the rings A/(t) of Example 5.2 with the addition of the variable W , it is strongly F-regular. Observe that S, Y, Z, U, W all have degree zero. We then have that U
where R x is the ring of invariants of
where ǫ 5 is a primitive fifth root of 1. In particular, since the characteristic p = 3 does not divide 5, we have that R x is a direct summand of S x . Thus, it suffices to show that S x is strongly F-regular. To this end, observe that
Multiplying the second equation by Y , and using that Y Z = 1 in the quotient, shows that the third equation is redundant. With similar considerations, one can show that the defining ideal of S x becomes equal to (UZ 2 + UZ 3 − 1, Y − UZ − UZ 2 ), and thus
, which can be checked to be regular, using for instance the Jacobian criterion. Since regular rings are strongly F-regular, this shows that U x is strongly F-regular. • With computations analogous to those done above for U x one can check that the affine chart U y = {y = 0} is Spec(R y ), where R y is a direct summand of the regular ring
• Finally, the affine chart
As in the case of U s , we have that S w is strongly F-regular.
To conclude the proof, we need to show that
is not strongly F-regular for any r = 0. We consider the affine chart U s = {s = 0}. Since deg(s) = 1, this is equal to Spec(R s ), where
Observe that R s is isomorphic to the ring A of Example 5.2, hence it is not strongly F-regular.
Remark 5.6. Essentially the same example works for mixed characteristic: we may set R = Z[s, v, w, x, y, z, u]/I, with
Then the natural morphism f : X → Spec(Z) gives a family which is strongly F-regular over the prime (3), but not strongly F-regular over any prime larger than 3.
Such examples shows the necessity of a Q-Gorenstein assumption: good behavior is known for F-rational singularities ([MS18, Theorem 7.2]) and strongly F-regular Q-Gorenstein singularities ([MS18, Theorem 7.9] and [MST + 19, Proposition 9.3] with milder assumptions). We will return to this later in this section.
The ring of Theorem 5.3 gives also an example of a Cohen-Macaulay local domain for which the F-signature is not continuous in the m-adic topology. In fact, neither the F-splitting ratio nor the splitting dimension in the example are continuous. We recall the definitions first. Proof. We use the notation of Theorem 5.3. By localizing R at the irrelevant maximal ideal, we have produced an example of a ring such that sdim(R/(v)) = dim(R/(v)) = 3, but sdim(R/(v − w N )) = −1 for all N 1. Moreover, we have that s(R/(v)) = r F (R/(v)) > 0, but s(R/(v − w N )) = r F (R/(v − w N )) = 0 for all N 1.
In [PS18] , Polstra and the second author prove that the F-signature function is continuous for Gorenstein rings. This follows also from the results of this paper, since for a Gorenstein local ring F-signature and F-rational signature are equal [HY, Lemma 4.3] . Note that strong F-regularity and F-rationality are also equivalent for a Gorenstein local ring. As Corollary 5.8 makes evident, the F-signature behaves very differently from the Hilbert-Kunz multiplicity in this context. In fact, under mild assumptions the Hilbert-Kunz multiplicity is m-adically continuous for a Cohen-Macaulay local ring [PS18, Theorem 1.3]. 5.1. Q-Gorenstein rings. We recall that a Cohen-Macaulay normal local domain (R, m) with a canonical ideal J is called Q-Gorenstein if there exists an integer n > 0 such that the symbolic power J (n) is principal. Equivalently, J is a torsion element when seen as an element in the class group of R.
By [AKM98]
, if R is Q-Gorenstein and R/xR is weakly F-regular, then R is weakly Fregular. It is also known that Q-Gorenstein weakly F-regular rings are strongly F-regular ([Mac96, Theorem 3.3.2], see also [Abe02, (2.2.4)]). These facts imply that strong Fregularity deforms if R is Q-Gorenstein, even just on the punctured spectrum. In this subsection, we prove an analogous statement for m-adic stability.
Lemma 5.9. Let (R, m) be a Cohen-Macaulay local ring of dimension c + d, and x = x 1 , . . . , x c be a regular sequence such that R = R/(x) is a normal domain. Let J ⊆ R be a canonical ideal of R such that JR is a canonical ideal of R. Then J (n) R ⊆ (JR) (n) for all n ∈ N.
Proof. The claim is trivial if J (n) = J n . Assume henceforth that this is not the case, that is, J n has embedded components. First, we prove that no associated prime of J n of height c + 1 can be minimal over (J, x). In fact, let P ∈ Spec(R) be a prime, with ht(P ) = c + 1, and assume that P is minimal over (J, x). Since R/(x) is normal, (R/(x)) P is regular, hence Gorenstein. It follows that R P is Gorenstein, and thus J P is a principal ideal of R P . Therefore (J n ) P = (J P ) n is an ideal of height one with no embedded components, and thus P is not an associated prime of J n . Now let f ∈ R be an element that avoids all minimal primes of J, and belongs to the embedded components of J n . Because of what we have shown above, by prime avoidance we may also choose f so that it does not belong to any minimal prime of (J, x). We then have J (n) = (J n : R f ). Taking residue classes modulo (x), we obtain that J (n) R = (J n R : R f ) ⊆ (JR) (n) , where the last containment follows from the fact that the class of f modulo (x) does not belong to the minimal primes of JR, by our choice of f .
The following is a modification of [PT18, Lemma 6.7 (i.)].
Corollary 5.10. Let (R, m) be an F-finite Cohen-Macaulay local ring of dimension c + d and characteristic p > 0. Let x = x 1 , . . . , x c be a regular sequence such that R = R/(x) is a normal domain and let J ⊆ R be an ideal of height c+1 such that JR is the canonical module of R. Let y 1 ∈ J and y = y 1 , y 2 , . . . , y d ∈ R be such that x, y forms a regular sequence. If y 2 JR ⊆ a 2 R for some a 2 ∈ J, then for all t 2 and all e 0 (J (p e ) , x, y tp e 2 , y tp e 3 , . . . , y tp e d ) : y = (J [p e ] , y 2p e 2 , y tp e 3 , . . . , y tp e d )R : R y p e 2 . By Lemma 5.9, we then get that the first term of the assertion is contained in the last, but the opposite inclusion is clear.
Theorem 5.11. Let (R, m) be an F-finite local ring of characteristic p > 0 that is Q-Gorenstein on the punctured spectrum of R. Let x be a part of a system of parameters and suppose that R/xR is strongly F-regular. Then for any ε > 0 there exists an integer N > 0 such that for all δ ∈ (m N ) ⊕c |s(R/(x + δ)) − s(R/(x))| < ε.
In particular, there exists an integer N > 0 such that for all δ ∈ (m N ) ⊕c the ring R/(x + δ) is strongly F-regular.
Proof. By [AKM98, Corollary 5] R is strongly F-regular, hence a Cohen-Macaulay normal domain. Let J be a canonical ideal of R. We can find N ≫ 0 such that x + δ is a regular sequence for all δ ∈ (m N ) ⊕c . After increasing N if needed, by Corollary 3.9 we may assume that R/(x + δ) is F-rational and, therefore, normal. Moreover, we can ensure that J+(x+δ)
is a canonical ideal of R/(x + δ) by [PS18] . It follows from [AKM98, Corollary 5] that the quotient R/(x + δ) is Q-Gorenstein on the punctured spectrum for any δ ∈ (m N ) ⊕c . In particular, R/(x) is Q-Gorenstein on the punctured spectrum.
We now mimic the proof of [PT18, Corollary 6.8 (ii.)], using [PT18, Lemma 6.7 (ii.)] and Corollary 5.10 in place of [PT18, Lemma 6.7 (i.)]. Let 0 = y 1 ∈ J be such that x, y 1 is a regular sequence. Let U 2 be the complement of the minimal primes of (y 1 )R, and observe that U −1 2 J is principal, since R is normal. We can then find y 2 ∈ U 2 such that y 2 JR ⊆ a 2 R for some a 2 ∈ J. Now, let U 3 be the complement of the minimal primes of x, y 1 , y 2 . Since R is Q-Gorenstein on Spec(R) {m}, there exists n and y 3 ∈ U 3 such that y n 3 J (n) ⊆ a 3 for some a 3 ∈ J (n) . Repeating this process, we obtain a system of parameters x, y such that y n i J (n) ⊆ a i R for all i = 3, . . . , d, with a i ∈ J (n) , and y 2 J ⊆ (a 2 , x) for some a 2 ∈ J. After increasing N, we may assume that (J, x, y) = (J, x + δ, y) for all δ ∈ (m N ) ⊕c . In particular, x + δ, y is still a system of parameters in R. Let u be an element of (J, x, y) : m which does not belong to (J, x, y). Observe that, by our choice of N, we have that uR/(J, x + δ, y) generates the socle of R/(J, x + δ, y) for all δ ∈ (m N ) ⊕c . By a repeated application of [PT18, Lemma 6.7 (ii.)] and by Corollary 5.10, for all t 2 and e 0, and for all δ ∈ (m N ) ⊕c we have Therefore |s(R/(x + δ)) − s(R/(x))| < ε. The second assertion follows by taking ε = s(R/(x))/2.
It is natural to ask whether it is necessary to assume that R is Q-Gorenstein or it is enough to require that R/(x) is Q-Gorenstein. This would be the case if Q-Gorenstein singularities deformed, but this is not generally true (e.g., [Ish14, Example 9.1.7]). In fact, a closer inspection of Example 5.2 reveals that even Q-Gorenstein strongly F-regular singularities do not deform. Namely, in Example 5.2, A/(t) is Q-Gorenstein, because it is a two-dimensional rational singularity. However, A itself cannot be Q-Gorenstein, otherwise by [AKM98] it would be strongly F-regular.
On the other hand, a positive result can be obtained if we assume that R is Gorenstein in sufficiently high codimension.
Proposition 5.12. Let (R, m) be an F-finite local ring of characteristic p > 0. Let x be a part of a system of parameters and suppose that R/(x) is Q-Gorenstein and strongly Fregular. Suppose that R and R/(x) are Gorenstein in codimension two. Then, there exists an integer N > 0 such that for all δ ∈ (m N ) ⊕c the ring R/(x + δ) is strongly F-regular.
Proof. We use [Ish14, Proposition 9.1.9] to show that R is Q-Gorenstein, and then invoke Theorem 5.11.
5.2.
Positive results on stability of F-purity. In light of Section 5, there is no hope to prove that m-adic stability of F-purity holds, even under strong assumptions such as the ring being Cohen-Macaulay. In fact, by Theorem 2.4, one needs to ensure that deformation of F-purity holds, at the very least. To this end, we make the following definition.
Definition 5.13. Let (R, m) be an F-finite local ring, and a ⊆ m be an ideal. We say that R is compatibly F-pure along a if there exists a Cartier map ϕ : R → R such that ϕ(1) = 1 and ϕ(a) ⊆ a.
Equivalently, R is compatibly F-pure along a if R is F-pure, and there is a splitting of Frobenius that descends to R/a. In this sense, when a = (x) is generated by a regular element, we can view compatible F-purity along a as a strong version of deformation of Fpurity. The goal of this section is to show that stability of F-purity holds if R is compatibly F-pure along an ideal generated by a regular element.
We first need some general results on Cartier maps. When R is F-finite, we can write it as a quotient R = S/I of an F-finite regular local ring (S, n) by . Since x is a non-zero divisor on R = S/I, and S is regular, x is a non-zero divisor also on S/I [p] . In particular, α−x p−1 β ∈ I [p] . We now claim that β ∈ I [p] : S I. In fact, since α ∈ I [p] : S I, and because α −x p−1 β ∈ I [p] , we conclude that x p−1 βI ⊆ I [p] . As above, x p−1 is a non-zero divisor on S/I [p] , and thus βI ⊆ I [p] , as claimed. Finally, observe that x p−1 β is congruent to α modulo n [p] , and thus x p−1 β / ∈ n [p] . In particular, we have that (x+ δ) p−1 β / ∈ n [p] for all δ ∈ n [p] . Choose N ≫ 0 such that n N ⊆ n [p] , and such that x+ε is regular on R for all ε ∈ n N . For any given δ ∈ m N , pick a representative modulo I that belongs to n N . Then (x + δ) p−1 β ∈ (I [p] : S I) ∩ ((I, x + δ) [p] : S (I, x + δ)), and (x + δ) p−1 β / ∈ n [p] . It follows that R is compatibly F-pure along (x + δ).
The proof of Theorem 5.14 actually shows that if R is compatibly F-pure along (x), then the pair (R, x) is sharply F-pure.
Definition 5.15. [Sch08, Definition 3.1] Let (R, m) be an F-finite local ring, x ∈ m a regular element and t ∈ R 0 . The pair (R, x t ) is sharply F-pure if there exist Cartier maps ϕ e such that ϕ e • (x ⌈t(p e −1)⌉ F e ) = id R for infinitely many e 0.
The notion of sharp F-purity introduced by Schwede in [Sch08] is much more general than the one above. Since we are only interested in pairs of this form, we will not recall the more general version here.
One can show that being compatibly F-pure along (x) is equivalent to the pair (R, x) being sharply F-pure. Following the proof of Theorem 5.14, we obtain the following stability result for sharp F-purity of pairs. Proposition 5.16. Let (R, m) be an F-finite local ring, x ∈ m a regular element and t ∈ R 0 . Assume that (R, x t ) is sharply F-pure. There exists N ≫ 0 such that (R, (x + δ) t ) is sharply F-pure for all δ ∈ m N .
Proof. By the correspondence noted above, if we write R = S/I for some regular local ring (S, n), then (R, x t ) is sharply F-pure if and only if there exist elements α e ∈ (I [p e ] : I) such that x ⌈t(p e −1)⌉ α e / ∈ n [p e ] for infinitely many values of e 0. However, [Sch08, Proposition 3.3] shows that it is enough to find a single e 0 for which this is the case.
Let e 0 > 0 and an element α 0 ∈ (I [p e 0 ] : I) be such that x ⌈t(p e 0 −1)⌉ α e 0 / ∈ n [p e 0 ] . Choose N such that x + δ is regular for all δ ∈ m N , and such that m N ⊆ m [p e 0 ] . We have (x + δ) ⌈t(p e 0 −1)⌉ α e 0 = x ⌈t(p e 0 −1)⌉ α e 0 + δβ for some β ∈ R. As δ ∈ m [p e 0 ] , it follows that (x + δ) ⌈t(p e 0 −1)⌉ α e 0 / ∈ n [p e 0 ] , and then (R, (x+δ) t ) is sharply F-pure by [Sch08, Proposition 3.3].
It is also natural to ask whether the strategy used in the proof of Theorem 5.14 extends to regular sequences in place of just regular elements. The next example shows that this is not the case.
Example 5.17. Let S = F 3 [x, y, z, u, v, w, t] n , where n is the maximal ideal generated by the variables of S. Let I be the ideal generated by the 2 × 2 minors of x 2 + v 5 y u z
x 2 t − u , and set T = S/I. Let x 1 = t − u 2 and x 2 = v, and let R be the ring constructed in Theorem 5.3. It can be checked using Macaulay2 ( [GS] ) that: • x 1 , x 2 forms a regular sequence on T .
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• T is F-pure and T /(x 1 , x 2 ) ∼ = R/(v) is F-pure. In fact, a stronger statement is true: T is compatibly F-pure along (x 1 , x 2 ). • For all integers N 1, T is not compatibly F-pure along (x 1 , x 2 − w N ). In fact, T /(x 1 , x 2 − w N ) ∼ = R/(v − w N ) is not F-pure, as shown in Theorem 5.3.
In order to obtain a stability result for regular sequences x 1 , . . . , x c with the strategy of the proof of Theorem 5.14, one would then have to assume that R is compatibly F-pure along (x i 1 , . . . , x it ) for all subsets {x i 1 , . . . , x it } of {x 1 , . . . , x c }.
Comments and further questions
The results contained in this paper hint to a strong connection between m-adic stability and deformation of some F-singularities. Theorem 2.4 shows that, in great generality, stability is a stronger property than deformation. We were not able to prove that deformation implies stability in reasonably general assumptions. However, as we are not aware of any counterexamples, it is natural to ask the following: Question 6.1. Let P be a property of local rings that satisfies the assumptions of Theorem 2.4. Are deformation and m-adic stability of P equivalent?
This article deals with four important types of F-singularities. One can ask the same questions for other F-singularities, for instance: Question 6.2. Let (R, m) be a local ring of prime characteristic p > 0. Are F-full singularities stable? Are F-antinilpotent singularities stable?
We observe that both F-fullness and F-antinipotency are known to deform [MQ18, Theorem 1.1]. Another important F-singularity is F-nilpotency (see for instance [PQ19] for the defintion). We thank Pham Hung Quy for pointing out to us that F-nilpotency satisfies the conditions of Theorem 2.4 by [KMPS19, Theorem B], and does not deform [ST17, Example 2.7]. Hence it cannot be stable.
In Theorem 5.11 we prove that if (R, m) is Q-Gorenstein, then strong F-regular singularities are stable. It is therefore natural to ask the following: Question 6.3. If (R, m) is Q-Gorenstein, is F-purity stable?
Note that, with the Q-Gorenstein assumption, F-purity is known to deform if the index of the canonical ideal is not divisible by the characteristic of R.
Another direction of investigation is whether similar stability results hold for the characteristic zero counterparts to F-singularities: Question 6.4. Does stability of Du Bois, rational, log-canonical and log-terminal singularities hold?
We conclude by mentioning that the bounds on N in our theorems are constructive. Namely, the constant N that we need is affected by the following considerations. First, if x is a part of a system of parameters, then we may preserve this condition by taking N to be at least the Hilbert-Samuel multiplicity of R/(x) (or extendend degree of R/(x), in the non-Cohen-Macaulay case). Second, controlling Hilbert-Kunz multiplicities requires to bound the m-adic order of a discriminant. Last, for Theorem 4.12, we need to determine what power of m annihilates the m-secondary component of H i m (R), for all i ∈ Z. If R is the homomorphic image of an n-dimensional regular local ring S (e.g., in the complete case), this amounts to find what power of m annihilates the m-primary component of Ext n−i S (R, S). It would be good to find better explicit bounds.
